We show that for a natural polynomial Hamiltonian system the existence of a single Darboux polynomial (a partial polynomial first integral) is equivalent to the existence of an additional first integral functionally independent with the Hamiltonian function. Moreover, we show that, in a case when the degree of potential is odd, the system does not admit any proper Darboux polynomial, i.e., the only Darboux polynomials are first integrals.
Introductions
Let us consider a system of ordinary differential equations
where the right hand sides v(x) = (v i (x), . . . , v n (x)) are smooth on a domain U in C n . Let ϕ : R ⊃ I → U be a solution of (1) defined on a certain open non-empty interval I of the real axis. A continuous function F : U → R is called a first integral of system (1) if it is constant along its solutions, i.e., if function F • ϕ is constant on its domain of definition for an arbitrary solution ϕ of (1). When F is differentiable, then it is a first integral of system (1) if
where L v is the Lie derivative along vector field v. If F is a first integral of (1), then its constant value levels
are invariant with respect to the flow generated by (1) . It appears that together with the first integrals it is worth looking for partial first integrals. We say that F is a partial first integral if its zero level M 0 (F ) is invariant with respect to the flow generated by (1) . A differentiable function F is a partial first integral of system (1) if L v (F )(x) = 0 for all x such that F (x) = 0.
There are a lot of practical and theoretical reasons why we would like to know if a given system of differential equations possesses a first integral. However, in its most complete and general case this problem is intractable. We can simplify it a little bit, e.g., by imposing additional conditions on the smoothness of the right hand sides of (1) and smoothness of the first integrals. Nevertheless, even if we assume that the right hand sides of the investigated system are polynomial and we look for a polynomial first integral the problem is very hard to approach.
In this paper we investigate systems (1) of a special form with the polynomial right hand sides. Namely, we consider polynomial Hamiltonian systems defined on C 2m . Let q = (q 1 , . . . , q m ) and p = (p 1 , . . . , p m ) denote the standard canonical coordinates and H = H(q, p) is a polynomial Hamiltonian function. We say that a first integral F = F (q, p) of the canonical Hamiltonian equations is an additional first integral if F and H are functionally independent.
It was observed [3; 6] that for most known polynomial Hamiltonian systems an additional first integral is a polynomial one and its degree with respect to p is small. However, there are also examples of polynomial Hamiltonian systems for which an additional first integral is more complicated.
Example 1 For the Hamiltonian system given by
an additional first integral has the following form
see [6] .
Example 2 For the Hamiltonian system given by
where f (p 1 , p 2 ) is an arbitrary polynomial, an additional first integral has the following form
If α ∈ Q this first integral is not meromorphic, when α ∈ Q, then it is algebraic, when α ∈ −N, then it is rational, and finally when α ∈ N, then it is a polynomial of degree α + 1 with respect to the momenta.
These examples show that it is difficult to expect that the additional first integrals of a polynomial Hamiltonian system should be distinguished from the first integrals of an arbitrary polynomial system.
In mechanics there exists a well defined class of natural Hamiltonian systems for which Hamilton's function is a sum of the kinetic and potential energy. In this paper we consider systems for which the Hamiltonian has the following form
where V (q) is a polynomial, and µ i ∈ C for i = 1, . . . , m. To avoid trivialities we assume that m > 1 and deg V (q) > 2. For such systems canonical equations have the form
We did our best but we have not find even a single example of a system with the Hamiltonian of the form (4) admitting an additional first integral which is not a polynomial one. Thus, it seems reasonable to formulate the following questions:
(1) Does there exist a natural polynomial Hamiltonian system admitting a proper rational additional first integral? (2) Does the existence of a proper rational additional first integral of a natural polynomial Hamiltonian system imply the existence of an additional polynomial first integral? (3) Does there exist a natural polynomial Hamiltonian system admitting an analytic additional first integral which is not a polynomial one? (4) Does the existence of an analytic additional first integral of a natural polynomial Hamiltonian system imply the existence of a polynomial one? (5) Does there exist a natural polynomial Hamiltonian system admitting a meromorphic additional first integral which is not a rational one? (6) Does the existence of a meromorphic additional first integral of a natural polynomial Hamiltonian system imply the existence of a rational one?
By a proper rational first integral we mean a rational first integral which is not a ratio of two polynomial first integrals. In the above questions we do not mention algebraic first integrals, because, as it is well known, the existence of an algebraic additional first integral implies the existence of a rational one, see e.g. [4] .
In this paper we focused our attention on the first two questions. Roughly speaking, the main result of this paper is an affirmative answer to the second question.
In fact our result is stronger. Let us denote by L H the Lie derivative along the Hamiltonian vector field defined by (5) .
for a certain polynomial Λ = Λ(q, p), which is called cofactor of G. When Λ = 0, then the Darboux polynomial is a first integral. We say that G is a proper Darboux polynomial if Λ = 0. Let us assume that polynomials G = G(q, p) and Q = Q(q, p) are coprime, i.e., G and Q do not have common divisors different from constants. Then it is easy to show that if F = G/Q is a proper rational first integral of system (5), then G and Q are proper Darboux polynomials with the same cofactor Λ.
The main results of this paper are formulated in the following theorems.
Theorem 1 Assume that in Hamiltonian (4) potential V (q) is of odd degree, then every Darboux polynomial of Hamiltonian system (5) is a first integral.

Theorem 2 Assume that in Hamiltonian (4) at least two µ i are not zero and potential V (q) and is of even degree. If Hamiltonian system (5) possesses a proper Darboux polynomial, then it admits an additional polynomial first integral.
The statements of the above theorems are rather amazing. In fact, it is obvious that the conditions for the existence of a Darboux polynomial are much weaker than the conditions for the existence of a polynomial first integral. The first theorem says that it is not the case for natural polynomial Hamiltonian systems with a potential of odd degree. Moreover, let us notice that in the second theorem we do not exclude the existence of a proper Darboux polynomial (there are many examples where it exists). However, for the existence of a proper rational first integral we need two proper Darboux polynomials with the same cofactor. The second theorem says that one Darboux polynomial is enough to construct an additional polynomial first integral.
Proofs of the above theorems are purely algebraic and this is why we collect all necessary facts from (elementary) differential algebra in the next section.
In Section 3 we give proofs of our theorems. In the last section we show some generalizations of our results and we give several remarks.
Basic notions of differential algebra
When the algebraic methods are used to study a polynomial or rational differential equation, it is convenient to use tools of differential algebra. It gives a natural language for the problem, simplifies exposition and proofs. In this section we fix notation and we collect basic facts from differential algebra. We follow the excellent lectures of A. Nowicki 1 [5] simplifying only some assumptions. All propositions formulated in this section are very simple. We left their proofs to the readers, and we refer them to [5] and references therein.
Notation
By N 0 we denote the set of non-negative integers. If k is a field (we always assume that k = R or k = C) then k[x 1 , . . . , x n ] and k(x 1 , . . . , x n ) denote the ring of polynomials and the field of rational functions, respectively. We use also an abbreviated notation, i.e.,
A non-zero element γ ∈ N n we called a direction, and we denote
In such a case we also say that F is a γ-homogeneous polynomial of γ-degree r. The zero polynomial is a γ-form of an arbitrary degree.
, then the following conditions are equivalent:
The introduced γ-homogeneity converts k[x] into a γ-graded ring . Namely, we have
where k γ r [x] denotes the group all γ-forms of γ-degree r, and
for all r, s ∈ N 0 . If there is no ambiguity, we write
where F s is a γ-form of γ-degree s, and S is a finite set of integers. By γ-deg(F ) we denote the γ-degree of F , that is, for F = 0, the maximal s such that F s = 0 in the above γ-decomposition of F ; for F = 0 we put γ-deg(
and F G is a non-zero γ-form, then F and G are γ-forms.
Let us fix two γ-forms F and G of γ-degree p and q, respectively. In the ring k[X, Y ] we define λ-gradation putting λ = (p, q).
Proposition 2 Let P ∈ k[X, Y ], and
where S is a finite set of integers, be its λ-decomposition. If P = 0, then P s = 0 for s ∈ S.
PROOF.
We say that rational functions F i ∈ k(x), i = 1, . . . , m are functionally independent if their differentials dF i are linearly independent over k, i.e., if matrix
has the maximal rank.
We say that rational functions F i ∈ k[x], i = 1, . . . , m are algebraically dependent over k if there exists a non-zero polynomial W ∈ k[X 1 , . . . , X m ] such that W (F 1 (x) , . . . , F m (x)) = 0.
Later, we use the following lemma, see e.g. Proposition 1.16 in [1] .
Lemma 1 In C(x) functional and algebraic independences are equivalent.
Derivations.
Let us fix n polynomials v i ∈ k[x], i = 1, . . . , n, and denote v = (v 1 , . . . , v n ).
be a map defined in the following way
Obviously it is k-linear and satisfies the Leibnitz rule, i.e., we have
. Such maps are called derivations. For a more general definition see [5] . In the ring k[x] every derivation is of this form. For an element R ∈ k(x) given by R = F/G, where F and G are coprime polynomials, we put
In this way we extend uniquely d v into k(x). If it is clear from the context, we write
, which we denote
. It is called the ring of constants of derivation d. Similarly, the kernel of d in k(x), which we denote
is a subfield of k(x), and it is called the field of constants of derivation d.
As we see, having a system of polynomial equations (1) 
Two important properties of Darboux polynomials are described in the following propositions.
Proposition 4 If d(F
i ) = Λ i F i for i = 1, 2, then d(F 1 F 2 ) = (Λ 1 + Λ 2 )(F 1 F 2 ).
Proposition 5 If F ∈ k[x] is a Darboux polynomial of derivation d, then all factors of F are also Darboux polynomials of derivation d.
Now, we fix a direction γ. We say that derivation d is γ-homogeneous of γ-degree s if
for an arbitrary r ∈ Z. For checking if a given derivation is γ-homogeneous it is convenient to apply the following proposition.
Proposition 6 Derivation d is γ-homogeneous of γ-degree s if and only if
Homogeneity of a derivation is important when we look for its Darboux polynomials.
is γ-form of γ-degree s, and all γ-components of F are also Darboux polynomials with the common cofactor Λ.
For a polynomial derivation d v and a given γ-gradation we can always represent d v as a finite sum of γ homogeneous derivations. Namely, for an integer l we denote
where v 
Proofs
To translate the language of Hamiltonian systems into the framework of differential algebra, we introduce the following conventions. By k[q, p] we denote the ring of polynomials of n = 2m variables
For a polynomial Hamiltonian H ∈ k[q, p] we define a derivation d H in the following way
Thus, for Hamilton's function (4) the explicit form of d H is following
Natural Hamiltonian systems have a very important property of the time reversibility. We can define this property in the following way.
given by:
The following proposition is easy to check.
Proposition 10 Derivation (8) has the following property
For a given Hamilton's function (4) we fix a γ-gradation defined by the following direction γ = (γ 1 , . . . , γ m , γ m+1 , . . . , γ 2m ) = (2, . . . , 2, r, . . . , r),
where r = γ-deg V . We prove the following simple but important lemma.
Lemma 2 Assume that potential
PROOF. Variables q i and p i are γ-forms of degree 2 and r, respectively. Thus,
as γ i+m = r for i = 1, . . . , m. Now, the proof follows from Proposition 6. 2
It is easy to show that
where V + (q) = 0 is the homogeneous component of V (q) = 0 of the highest degree r. An important consequence of the previous lemma is following.
PROOF. We know that γ-degree of d H is s = r − 2. Thus, by Proposition 9 γ-deg Λ ≤ s = r − 2. But γ-deg p i = r > s for i = 1, . . . , m. Hence, Λ does not depend on p. 
But, from Proposition 10, it follows that
Hence d H (τ (F )) = −τ (Λ)τ (F ) . However, by Lemma 3, cofactor Λ does not depend on p, so τ (Λ) = Λ. As a result we have PROOF. Without loss of generality we can assume that µ 1 = 0 and µ 2 = 0. Assume that H is reducible. As H is a polynomial of second degree with respect to p, its factors are polynomials of degree one with respect to p. So, we can write
where
, and W 1 W 2 = 2V . Comparing the left and right hand sides in the above equality we find, among others, that
From equations (10) it follows that
Then, multiplying the first equation (11) by α 1 µ 2 , and the second one by α 2 µ 1 and adding them together we obtain (α
Hence, taking into account (12) we have
But, µ 1 = 0, µ 2 = 0 , and W 1 = 0. The contradiction finishes the proof. 
Remarks and comments
There is an important consequence of Theorem 1. Namely, if a system with Hamilton's function given by (4) and the potential of odd degree possesses an additional first integral then it possesses an additional irreducible first integral. In fact, for such system, by Theorem 1, all factors of the a polynomial first integral are first integrals.
In a case of the potential of even degree, an additional first integral can be reducible or irreducible. As an example, let us consider a Hamiltonian system with two degrees of freedom with a homogeneous potential of degree 4
The list of integrable systems of this form with a first integral of degree at most 4 in momenta is given in [2] . We have the following possibilities.
(1) When V = q 4 1 , then the additional first integral F = p 2 is irreducible.
